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Abstract: We investigate the optical properties of spin-triplet interlayer excitons in heterobilayer
transition metal dichalcogenides in comparison with the spin-singlet ones. Surprisingly, the
optical transition dipole of the spin-triplet exciton is found to be in the same order of magnitude
to that of the spin-singlet exciton, in sharp contrast to the monolayer excitons where the spin
triplet species is considered as dark compared to the singlet. Unlike the monolayer excitons
whose spin-conserved (spin-flip) transition dipole can only couple to light of in-plane (out-of-
plane) polarisation, such restriction is removed for the interlayer excitons due to the breaking of
the out-of-plane mirror symmetry. We find that as the interlayer atomic registry changes, the
optical transition dipole of interlayer exciton crosses between in-plane ones of opposite circular
polarisation and the out-of-plane one for both the spin-triplet and spin-singlet species. As a result,
excitons of both species have non-negligible coupling into photon modes of both in-plane and
out-of-plane propagations, another sharp difference from the monolayers where the exciton
couples predominantly into the out-of-plane propagation channel. At given atomic registry, the
spin-triplet and spin-singlet excitons have distinct valley polarisation selection rules, allowing the
selective optical addressing of both the valley configuration and the spin singlet/triplet
configuration of interlayer excitons.
I. Introduction
Monolayer transition metal dichalcogenides (TMDs) have recently emerged as a new class of
direct-gap semiconductors in the two-dimensional (2D) limit [1-4]. The visible range direct
bandgap located at the hexagonal Brillouin zone (BZ) corners, called ±۹ valleys, makes these
monolayer semiconductors ideal platforms for optoelectronics, with a possibility to address the
valley pseudospin through the valley contrasted polarisation selection rules [5-10]. The atomically
thin geometry of the monolayer greatly enhances the Coulomb interaction, thus the optical
response of monolayer TMDs is dominated by the Wannier type exciton [11], the hydrogen-like
bound state of an electron-hole pair formed at ±۹ valley. Excitons in monolayer TMDs are found
to exhibit exceptionally large binding energies of hundreds of meV [12-16], small Bohr radius of
~ nm [17], and strong coupling to the light [18,19].
The strong spin-orbit-coupling (SOC) of the transition metal atom introduces a spin splitting
of several hundred meV at the valence band ±۹ valleys [9]. This leads to the spin-valley locking
of the band edge holes, i.e., a low energy hole in ۹ (−۹) valley corresponds to spin-down (-up).
On the other hand, the conduction band spin splitting at ±۹ valleys is also finite (~30 meV in
MoSe2, WSe2 and WS2 [20-22]). The electron and hole constituents of an exciton can either have
antiparallel spins (referred hereafter as spin-singlet exciton) or parallel spins (referred hereafter as
spin-triplet exciton). The conduction band spin splitting therefore contributes to the energy
splitting of the spin singlet and triplet excitons. With the spin-down (-up) hole defined as the
vacancy in the spin-up (-down) valence band, the spin-singlet exciton is created/annihilated
through the spin-conserving interband optical transition, while the spin-triplet exciton is
created/annihilated through the spin-flip interband transition.
The valley-dependent polarisation selection rules for the excitons in monolayer TMDs have
been well studied [5-9,23]. Earlier works focused on the spin-singlet excitons, while the spin-
triplet ones were considered as optically dark. Due to the 2ߨ 3⁄ -rotational (ܥመଷ) symmetry and the
out-of-plane mirror (ߪො௛) symmetry of the monolayer lattice structure [2], a spin-singlet exciton at
۹ (−۹) valley has a in-plane transition dipole, which couples to a ߪ + (ߪ −) circularly polarised
photon propagating in the out-of-plane (z) direction [9]. However, it is found recently that the
band edge spin-triplet exciton in monolayer WSe2 is not completely dark, but has a very weak
transition dipole pointing in the z-direction [23-26]. The radiative recombination of such a spin-
triplet exciton, which corresponds to a spin-flip interband transition, albeit weak, can emit a z-
polarised photon propagating in the in-plane direction [23-26].
Two different TMDs monolayers can be vertically stacked to form a van der Waals
heterobilayer, which provides an approach to engineer layered heterostructures for novel
optoelectronic devices [27]. The heterobilayer has a type-II band alignment, which means the
conduction and valence band edges are located in different layers. Excitons in such heterobilayer
then have the interlayer configuration as the ground state, which dominates the low energy optical
properties of the heterobilayers [28-32]. With the small interlayer separation, such interlayer
excitons are expected to have Bohr radius and binding energy in the same order of magnitude to
those of monolayer excitons [33].
The interlayer exciton luminescence properties are very different from the monolayer case
due to the following facts: (1) The electron-hole vertical separation substantially reduces the
interlayer exciton oscillator strength, which is found to be two to three orders of magnitude
weaker than that of the monolayer exciton [34]. (2) The photoluminescence (PL) from the
interlayer excitons can only be observed when the two layers have nearly aligned crystalline
directions [28]. In such heterobilayers a large scale moiré superlattice pattern forms [35], where
the exciton properties vary from local to local [36,37].
In this paper, we investigate the optical properties of spin-triplet interlayer excitons in
heterobilayer TMDs in comparison with the spin-singlet ones. We show that, unlike the
monolayer excitons whose spin-conserved (spin-flip) interband transitions can only couple to
photons with in-plane (out-of-plane) polarisation, such restriction is removed for the interlayer
excitons due to the breaking of the out-of-plane mirror symmetry in the heterobilayers. In a
lattice-matched heterobilayer, we establish a one-to-one correspondence between the interlayer
atomic registry and the optical transition dipole. For both the spin-singlet and spin-triplet
interlayer excitons, the optical dipole can point either in-plane or out-of-plane, depending on the
registry. Surprisingly, the optical transition dipole of the spin-triplet exciton is in the same order
of magnitude to that of the spin-singlet exciton. So the two spin species of excitons become
comparably bright in heterobilayers. This is in sharp contrast to the monolayer excitons where the
spin triplet can be considered as dark compared to singlet. In a large scale moiré pattern, the
local-to-local variation of the interlayer atomic registry leads to spatially modulated light
coupling of interlayer exciton wavepackets. We show that the light emission polarisation and
propagation direction smoothly cross between in-plane and out-of-plane ones at different locals in
the moiré supercell. For both the spin-triplet and spin-singlet interlayer excitons, the overall
emission into the in-plane light propagation channels has comparable strength to the out-of-plane
one, another sharp difference from the monolayers where the exciton emission is predominantly
into the out-of-plane light propagation channel. At given (local) atomic registry, the spin-triplet
and spin-singlet excitons have distinct valley polarisation selection rules, allowing the selective
optical addressing of both the valley configuration and the singlet/triplet spin configuration of
interlayer excitons.
The rest of the paper is organized as follows. In Sec. II we summarize the symmetry dictated
polarisation selection rules in monolayer TMDs with the presence of spin-orbit coupling. Then
we go to heterobilayers in Sec. III, where the interband transitions in lattice-matched
heterobilayers are discussed using both the symmetry analysis and first-principles calculations. In
Sec. IV, we focus on the distinct kinematic momentum and crystal momentum of interlayer
excitons in heterobilayer moiré superlattices. Based on the results of Sec. III and IV, the local
optical selection rules of exciton wavepackets are then discussed in Sec. V. We summarize our
results in Sec. VI.
II. Symmetry dictated polarisation selection rules in presence of spin-orbit coupling
Before going to the heterobilayers, we first summarize the polarisation selection rules of the
monolayer excitons for comparison, and explain how the spin-orbit coupling (SOC) leads to the
spin-flip interband optical transition while the out-of-plane mirror symmetry restricts that such
transition can only couple to photons of out-of-plane polarisation [9,23]. The optical properties of
monolayer TMDs are dominated by the ground state (1s) monolayer excitons in ±۹ valleys. Due
to the momentum conservation, the direct interconversion between such an exciton and a photon
is allow only when the exciton center-of-mass (COM) momentum is nearly 0 (within the light
cone). The transition dipole of the bright exciton is proportional to the optical matrix element
between the valence and conduction bands at ±۹, which then characterizes its light-coupling
properties.
The SOC spin-flip term ∆ܪ෡ = ഊ
మℏ
൫ܮ෠ା መܵି + ܮ෠ି መܵା൯ leads to a small but finite mixing between
the spin-up (↑, ܵ௭ = భమ) and spin-down (↓, ܵ௭ = ିభమ) [23]. By treating ∆ܪ෡ as a first order
perturbation, the Bloch eigenstate for the ݊-th band can be written as
ห߰௡,ܓ,ௌ೥ൿ ≈ |݊,ܓ,ܵ௭⟩+ ߣ2ℏ෍ൻ݈,ܓ, ܵ̅௭ห൫ܮ෠ା መܵି + ܮ෠ି መܵା൯ห݊,ܓ,ܵ௭ൿܧ௡ ,ܓ,ௌ೥ −ܧ௟,ܓ,ௌ೥̅ |݈,ܓ, ܵ̅௭⟩௟ ,
where |݊,ܓ,ܵ௭⟩ ≡ |݊,ܓ⟩⨂|ܵ௭⟩ is the unperturbed Bloch state (i.e., without considering the SOC
spin-flip term), with n being the band index, and k the crystal momentum.
The monolayer Hamiltonian conserves the 2ߨ 3⁄ -rotational (ܥመଷ) symmetry and the out-of-
plane mirror (ߪො௛) symmetry [2], see Fig. 1(a-b). The interband transitions at ±۹ are then
governed by these symmetries. Here the ܥመଷ rotation applied on a function ߰(ܚ) is defined as an
in-plane counterclockwise 120°-rotation of ߰(ܚ) around a certain rotation center, or equivalently
an in-plane clockwise 120°-rotation of the xy coordinate.߰(ܚ) then transforms as ܥመଷ߰(ܚ) =
߰൫ܥመଷ
ିଵܚ൯. The Bloch functions at the high symmetry ±۹ satisfy
ܥመଷ߰௡,ௌ೥ = ݁
ି௜మഏయ (஼య(௡)ାௌ೥)߰௡,ௌ೥ , (1)
ߪො௛߰௡,ௌ೥ = ߪ௛(݊)݁௜గௌ೥߰௡,ௌ೥  .
Here we have written ߰௡,ௌ೥ ≡ ߰௡,۹,ௌ೥ , while the transformation of ߰௡,ି۹,ௌ೥  by the same
symmetry operations can be obtained by a time reversal. ܥଷ(݊) = 0, ±1 and ߪ௛(݊) = ±1 are
respectively the ܥመଷ and ߪො௛ quantum numbers of the unperturbed Bloch state |݊,۹⟩ [2], i.e.,
ܥመଷ|݊,۹⟩ = ݁ି௜మഏయ ஼య(௡)|݊, ۹⟩ and ߪො௛|݊,۹⟩ = ߪ௛(݊)|݊,۹⟩.
Fig. 1. (a) The top-view of a TMD monolayer, showing the ܥመଷ rotation centers M (metal site), X
(chalcogen site), and h (hexagon center). (b) The side-view of the monolayer showing the out-of-
plane mirror symmetry (ߪො௛). (c) The polarisation selection rules for the spin-conserved interband
transitions in±۹ valleys. (d) The polarisation selection rules for the spin-flip interband transitions.
ݒ − 3 ݒ − 2 ݒ − 1 ݒ ܿ ܿ + 1 ܿ + 2 ܿ + 3
ܥଷ (h) −1 +1 −1 0 +1 0 −1 −1
ܥଷ (X) 0 −1 0 +1 −1 +1 0 0
ܥଷ (M) +1 0 +1 −1 0 −1 +1 +1
ߪ௛ +1 −1 −1 +1 +1 −1 +1 −1
Table I. The ܥመଷ quantum numbers of the unperturbed Bloch state |݊, ۹⟩ for rotation centers h, X and
M for the band indices ݊ = ݒ − 3 to ܿ + 3, as well as their ߪො௛  quantum numbers. The values are
taken from Ref. [2].
Due to the monolayer inversion symmetry breaking, the ܥመଷ quantum number at ±۹ varies
with the convention of the crystalline orientation. For our convention as shown in Fig. 1(a) and
with ۹ ≡ ସగ
ଷ௔
(1,0), the corresponding ܥመଷ and ߪො௛ quantum numbers of different bands at K are
summarized in Table I. Here a is the monolayer lattice constant. If the monolayer has an in-plane
180◦-rotation compared to Fig. 1(a) (e.g., those in Ref. [21,22]), then the resulted ܥመଷ quantum
numbers at ۹ ≡ ସగ
ଷ௔
(1,0) are related to Table I through a factor of −1. Meanwhile ߪො௛ is not
changed by the 180◦-rotation.
The interband transitions at ۹ are characterized by the optical matrix element
ൻ߰௠,ௌ೥ᇲหܘෝห߰௡,ௌ೥ൿ, where ܘෝ = ݌̂ା܍ା∗ + ݌̂ି܍ି∗ + ݌̂௭ܢ is the momentum operator. ܍± ≡ (ܠ± ݅ܡ) √2⁄
with ܠ, ܡ and ܢ the three Cartesian unit vectors. Note that the ܍± and ܢ components of the optical
matrix element couple to the in-plane ߪ± circular and out-of-plane (z) linear polarisation of a
photon, respectively. Using ܥመଷ݌̂±ܥመଷିଵ = ݁∓௜మഏయ ݌̂±, ܥመଷ݌̂௭ܥመଷିଵ = ݌̂௭, ߪො௛݌̂±ߪො௛ିଵ = ݌̂± and ߪො௛݌̂௭ߪො௛ିଵ =
−݌̂௭, we obtain
ൻ߰௠,ௌ೥ᇲห݌̂±ห߰௡,ௌ೥ൿ = ൻ߰௠,ௌ೥ᇲหܥመଷିଵܥመଷ݌̂±ܥመଷିଵܥመଷห߰௡,ௌ೥ൿ = ݁௜మ൫಴య(೘)ష಴య(೙)శೄ೥ᇲషೄ೥∓భ൯ഏయ ൻ߰௠,ௌ೥ᇲห݌̂±ห߰௡,ௌ೥ൿ= ൻ߰௠,ௌ೥ᇲหߪො௛ିଵߪො௛݌̂±ߪො௛ିଵߪො௛ห߰௡,ௌ೥ൿ = ߪ௛(݊)ߪ௛(݉)݁௜గ൫ௌ೥ିௌ೥ᇲ൯ൻ߰௠,ௌ೥ᇲห݌̂±ห߰௡,ௌ೥ൿ,
ൻ߰௠,ௌ೥ᇲห݌̂௭ห߰௡,ௌ೥ൿ = ൻ߰௠,ௌ೥ᇲหܥመଷିଵܥመଷ݌̂௭ܥመଷିଵܥመଷห߰௡,ௌ೥ൿ = ݁௜మ൫಴య(೘)ష಴య(೙)శೄ೥ᇲషೄ೥൯ഏయ ൻ߰௠,ௌ೥ᇲห݌̂௭ห߰௡,ௌ೥ൿ= ൻ߰௠,ௌ೥ᇲหߪො௛ିଵߪො௛݌̂௭ߪො௛ିଵߪො௛ห߰௡,ௌ೥ൿ = −ߪ௛(݊)ߪ௛(݉)݁௜గ൫ௌ೥ିௌ೥ᇲ൯ൻ߰௠,ௌ೥ᇲห݌̂௭ห߰௡,ௌ೥ൿ.
The above equations imply that, the interband transition between ߰௡,ௌ೥  and߰௠,ௌ೥ᇲ  couples to
a photon with polarisation
ߪ±, when: ቐܥଷ(݉)− ܥଷ(݊) + ܵ௭ᇱ − ܵ௭ = 3ܰ ± 1,and
ߪ௛(݊)ߪ௛(݉)݁௜గ൫ௌ೥ିௌ೥ᇲ൯ = 1, (2)
ݖ, when: ቐܥଷ(݉)−ܥଷ(݊) + ܵ௭ᇱ − ܵ௭ = 3ܰ,and
ߪ௛(݊)ߪ௛(݉)݁௜గ൫ௌ೥ିௌ೥ᇲ൯ = −1.
Here ܰ = 0, ±1, ±2,⋯ is a integer.
Below we shall focus on the conduction (ܿ) and valence (ݒ) bands, which have the properties
ܥଷ(ܿ)−ܥଷ(ݒ) = 3ܰ+ 1 and ߪ௛(ܿ) = ߪ௛(ݒ) = +1. We can see that due to the conservation of
ߪ௛ quantum number, spin-conserved transitions (with ܵ௭ = ܵ௭ᇱ ) can only couple to in-plane
polarised photons while spin-flip transitions (with ܵ௭ ≠ ܵ௭ᇱ ) can only couple to z-polarised
photons [23]. Furthermore, the ܥመଷ symmetry at ۹ (−۹) requires that the spin-conserved valence-
to-conduction transition couples to a ߪ+ (ߪ −) photon, which is the well known valley optical
selection rule in monolayer TMDs [9,10] (see Fig. 1(c)). For the spin-flip process, the criterion of
Eq. (2) can only be satisfied with ܵ௭ᇱ = ିభమ and ܵ௭ = భమ, which means that the transition ߰௩,↑ ↔߰௖,↓
can be induced by a z-polarised photon [23]. On the other hand ߰௩,↓ ↔ ߰௖,↑ is completely dark
(cannot be induced by any single photon process, see Fig. 1(d)).
The spin-flip interband transitions can be understood as being mediated by the SOC spin-flip
term. A perturbative treatment gives
⟨߰௖↓|ܘෝ|߰௩↑⟩ ≈ ܢ ఒଶℏ෍ቆ⟨ܿ, ↓ |݌̂௭|݊, ↓⟩ൻ݊, ↓ หܮ෠ା መܵିหݒ, ↑ൿܧ௩,↑ −ܧ௡,↓ + ൻܿ, ↓ หܮ෠ା መܵିห݊, ↑ൿ⟨݊, ↑ |݌̂௭|ݒ, ↑⟩ܧ௖,↓ −ܧ௡,↑ ቇ
௡
≈ ܢ ఒ
ଶℏ
ቆ
⟨ܿ, ↓ |݌̂௭|ݒ − 2, ↓⟩ൻݒ − 2, ↓ หܮ෠ା መܵିหݒ, ↑ൿ
ܧ௩,↑ − ܧ௩ିଶ,↓
+ ൻܿ, ↓ หܮ෠ା መܵିหܿ + 1, ↑ൿ⟨ܿ + 1, ↑ |݌̂௭|ݒ, ↑⟩
ܧ௖,↓ − ܧ௖ାଵ,↑
ቇ .
Note that for the bands from ݒ − 3 to ܿ+ 3 as given in Table I, only the ݊ = ݒ − 2 and ܿ + 1
intermediate bands contribute to the above spin-flip momentum matrix element. Due to the weak
SOC strength ߣ compared to the bandgaps หܧ௩,↑ − ܧ௩ିଶ,↓ห and หܧ௖,↓ − ܧ௖ାଵ,↑ห, the resulted
หൻ߰௖,↓ห݌̂௭ห߰௩,↑ൿห value is much smaller than the spin-conserved ones ݌଴ ≡ หൻ߰௖,↑ห݌̂ାห߰௩,↑ൿห ≈
หൻ߰௖,↓ห݌̂ାห߰௩,↓ൿห. Our first-principles calculations show that หൻ߰௖,↓ห݌̂௭ห߰௩,↑ൿห ݌଴⁄ ≈ 0.05 for WSe2
and 0.02 for MoSe2, in agreement with the previous result [23].
III. Interband transitions in lattice-matched heterobilayers
MoSe2 and WSe2 (MoS2 and WS2) are very close in lattice constants (~ 0.1%). This allows
the realization of lattice-matched heterobilayer with moderate strain, for example, by CVD
growth as reported in Ref. [32]. In this section we shall analyze the interband transitions for
lattice-matched heterobilayers, in which the two layers have the same lattice constant and 0° (R-
type) or 180° (H-type) relative rotation. The heterobilayer atomic registry is then characterized by
an interlayer translation ܚ଴, defined as a real-space in-plane vector pointing from a metal atom in
the hole layer to a nearby metal atom in the electron layer [36]. Fig. 2(a-b) illustrates the
interlayer translation vector ܚ଴.
A heterobilayer doesn’t have the ߪො௛ symmetry, thus the conservation of ߪ௛ quantum number
is no longer a constraint. However, for certain ܚ଴ values the ܥመଷ rotation centers of the two layers
overlap, the corresponding configurations are denoted as ܴ௛௛, ܴ௛௑, ܴ௛ெ, ܪ௛௑, ܪ௛௛, and ܪ௛ெ, as shown
in Fig. 2(a-b). Here ܴ௛
ఓ (ܪ௛
ఓ) denotes the R-type (H-type) configuration with the electron-layer ߤ
sites horizontally overlap with the hole-layer h sites. For these registries the interband transition
at ±۹ are again governed by the ܥመଷ quantum number. Using the same analysis in previous section,
one can show that the optical transition between ߰௩,ௌ೥  and ߰௖ᇲ,ௌ೥ᇲ  can be induced by a photon with
polarisation
ߪ±, when: ܥଷ(ܿᇱ)−ܥଷ(ݒ) + ܵ௭ᇱ − ܵ௭ = 3ܰ ± 1,
ݖ, when: ܥଷ(ܿᇱ)− ܥଷ(ݒ) + ܵ௭ᇱ − ܵ௭ = 3ܰ. (3)
We use the convention that quantities in the electron (hole) layer are marked with (without) the
prime. Here the quantum numbers ܥଷ(ܿᇱ) and ܥଷ(ݒ) should be taken around a common rotation
center of the two layers. Taking ܴ௛
ఓ as an example, if we set the rotation center in the hole layer
as h, then the corresponding rotation center in the electron layer is μ. Different heterobilayer
atomic registries (characterized by μ=h, X, M) then have different ܥଷ(ܿᇱ)−ܥଷ(ݒ) values, leading
to different polarisation selection rules [36]. The resulted selection rules for valence-to-
conduction transitions are summarized in Table II below.
ܴ௛
௛ ܴ௛
௑ ܴ௛
ெ ܪ௛
௑ ܪ௛
௛ ܪ௛
ெ
߰௩,↑ ↔ ߰௖ᇲ,↑ ߪ + ߪ − ݖ ߪ + ߪ − ݖ
߰௩,↓ ↔ ߰௖ᇲ,↓ ߪ + ߪ − ݖ ߪ + ߪ − ݖ
߰௩,↑ ↔ ߰௖ᇲ,↓ ݖ ߪ + ߪ − ݖ ߪ + ߪ −
߰௩,↓ ↔ ߰௖ᇲ,↑ ߪ − ݖ ߪ + ߪ − ݖ ߪ +
Table II. The polarisation selection rules for optical transitions between the K-point valence band
߰௩ ,ௌ೥ and conduction band ߰௖ᇲ,ௌ೥ᇲ in ܴ௛௛, ܴ௛௑, ܴ௛ெ,ܪ௛௑, ܪ௛௛ , and ܪ௛ெ  heterobilayer configurations. The
band edge transitions are the ߰௩,↑ ↔ ߰௖ᇲ,↑ and ߰௩,↑ ↔ ߰௖ᇲ,↓, while the two transitions from߰௩,↓ have
much higher energy.
For a quantitative analysis, the heterobilayer can be viewed as two decoupled monolayers
plus a perturbative interlayer coupling term ෠ܶ . We consider the spin-conserved or spin-flip
interband transition from a valence band edge ߰௩,↑ at K to the corresponding conduction state
߰௖ᇲ,ௌ೥ᇲ . The spin-conserved optical matrix element ܘ௖௩,↑↑ ≡ ൻ߰௖ᇲ,↑หܘෝห߰௩,↑ൿ corresponds to a first-
order process mediated by the interlayer coupling ෠ܶ:
ܘ௖௩,↑↑ ≈෍
ൻܿᇱ, ↑ ห ෠ܶห݊, ↑ൿ⟨݊, ↑ |ܘෝ|ݒ, ↑⟩
ܧ௖ᇲ,↑− ܧ௡,↑
௡
+෍⟨ܿᇱ, ↑ |ܘෝ|݊ᇱ, ↑⟩ൻ݊ᇱ, ↑ ห ෠ܶหݒ, ↑ൿ
ܧ௩,↑ −ܧ௡ᇲ ,↑
௡ᇲ
.
≈ ܍ା
∗ ቆ
ൻܿᇱ, ↑ ห ෠ܶหܿ, ↑ൿ⟨ܿ, ↑ |݌̂ା|ݒ, ↑⟩
ܧ௖ᇲ,↑− ܧ௖,↑
+ ⟨ܿᇱ, ↑ |݌̂ା|ݒᇱ, ↑⟩ൻݒᇱ, ↑ ห ෠ܶหݒ, ↑ൿ
ܧ௩,↑ − ܧ௩ᇲ,↑
ቇ
+܍ି∗ ቆൻܿᇱ, ↑ ห ෠ܶหܿ+ 2, ↑ൿ⟨ܿ+ 2, ↑ |݌̂ି|ݒ, ↑⟩ܧ௖ᇲ,↑ −ܧ௖ାଶ,↑ + ⟨ܿᇱ, ↑ |݌̂ି|ܿᇱ + 2, ↑⟩ൻܿᇱ + 2, ↑ ห ෠ܶหݒ, ↑ൿܧ௩,↑ − ܧ௖ᇲାଶ,↑+ ൻܿᇱ, ↑ ห ෠ܶหݒ − 3, ↑ൿ⟨ݒ − 3, ↑ |݌̂ି|ݒ, ↑⟩
ܧ௖ᇲ,↑− ܧ௩ିଷ,↑
+ ⟨ܿᇱ, ↑ |݌̂ି|ݒᇱ − 3, ↑⟩ൻݒᇱ − 3, ↑ ห ෠ܶหݒ, ↑ൿ
ܧ௩,↑ − ܧ௩ᇲିଷ,↑
ቇ
+ܢቆൻܿᇱ, ↑ ห ෠ܶหܿ+ 1, ↑ൿ⟨ܿ+ 1, ↑ |݌̂௭|ݒ, ↑⟩
ܧ௖ᇲ,↑ −ܧ௖ାଵ,↑
+ ⟨ܿᇱ, ↑ |݌̂௭|ݒᇱ − 2, ↑⟩ൻݒᇱ − 2, ↑ ห ෠ܶหݒ, ↑ൿ
ܧ௩,↑ − ܧ௩ᇲିଶ,↑
ቇ.
In the above second step we have again restricted the band index summation to {ݒ − 3,⋯ , ܿ + 3}.
On the other hand the spin-flip matrix element ܘ௖௩,↓↑ ≡ ൻ߰௖ᇲ,↓หܘෝห߰௩,↑ൿ corresponds to a
second-order process mediated by both the SOC spin-flip term ഊ
మℏ
൫ܮ෠ା መܵି + ܮ෠ି መܵା൯ and the
interlayer coupling ෠ܶ:
ܘ௖௩,↓↑ ≈
ఒ
ଶℏ
෍
ൻܿᇱ, ↓ ห ෠ܶห݈, ↓ൿൻ݈, ↓ หܮ෠ା መܵିห݉, ↑ൿ⟨݉, ↑ |ܘෝ|ݒ, ↑⟩
൫ܧ௖ᇲ,↓− ܧ௠,↑൯൫ܧ௖ᇲ,↓− ܧ௟,↓൯௟௠ + ఒ
ଶℏ
෍
ൻܿᇱ, ↓ หܮ෠ା መܵିห݈ᇱ, ↑ൿൻ݈ᇱ, ↑ ห ෠ܶห݉, ↑ൿ⟨݉, ↑ |ܘෝ|ݒ, ↑⟩
൫ܧ௖ᇲ,↓ −ܧ௠,↑൯൫ܧ௖ᇲ,↓ −ܧ௟ᇲ,↑൯௟ᇲ௠+ ఒ
ଶℏ
෍
ൻܿᇱ, ↓ ห ෠ܶห݉, ↓ൿ⟨݉, ↓ |ܘෝ|݈, ↓⟩ൻ݈, ↓ หܮ෠ା መܵିหݒ, ↑ൿ
൫ܧ௩,↑ −ܧ௟,↓൯൫ܧ௖ᇲ,↓− ܧ௠,↓൯௠௟+ ఒ
ଶℏ
෍
ൻܿᇱ, ↓ หܮ෠ା መܵିห݉ᇱ, ↑ൿ⟨݉ᇱ, ↑ |ܘෝ|݈ᇱ, ↑⟩ൻ݈ᇱ, ↑ ห ෠ܶหݒ, ↑ൿ
൫ܧ௖ᇲ,↓− ܧ௠ᇲ,↑൯൫ܧ௩,↑ −ܧ௟ᇲ,↑൯௠ᇲ௟ᇲ+ ఒ
ଶℏ
෍
⟨ܿᇱ, ↓ |ܘෝ|݉ᇱ, ↓⟩ൻ݉ᇱ, ↓ หܮ෠ା መܵିห݈ᇱ, ↑ൿൻ݈ᇱ, ↑ ห ෠ܶหݒ, ↑ൿ
൫ܧ௩,↑ − ܧ௠ᇲ,↓൯൫ܧ௩,↑ − ܧ௟ᇲ,↑൯௟ᇲ௠ᇲ+ ఒ
ଶℏ
෍
⟨ܿᇱ, ↓ |ܘෝ|݉ᇱ, ↓⟩ൻ݉ᇱ, ↓ ห ෠ܶห݈, ↓ൿൻ݈, ↓ หܮ෠ା መܵିหݒ, ↑ൿ
൫ܧ௩,↑ −ܧ௠ᇲ,↓൯൫ܧ௩,↑ − ܧ௟,↓൯௟௠ᇲ
.
Our previous works have shown that [38,39], under the two-center approximation and
keeping only the leading Fourier components, the interlayer hopping depends on the interlayer
translation ܚ଴ through ൻ݈ᇱ,ܵ௭ห ෠ܶห݊,ܵ௭ൿ ∝ ఓ݂(ܚ଴), where ߤ = mod( ܥଷ(݊)− ܥଷ(݈ᇱ), 3) = 0, ±1 and
଴݂(ܚ଴) ≡ ݁௜۹∙ܚబ൫݁ି௜۹∙ܚబ + ݁ି௜஼መయ۹∙ܚబ + ݁ି௜஼መయమ۹∙ܚబ൯ 3⁄ ,±݂(ܚ଴) ≡ ݁௜۹∙ܚబ ቀ݁ି௜۹∙ܚబ + ݁ି௜൫஼መయ۹∙ܚబ±మഏయ ൯ + ݁ି௜൫஼መయమ۹∙ܚబ±రഏయ ൯ቁ 3ൗ ,
Thus the interlayer exciton optical matrix elements can have all the ߪ+, ߪ − and ݖ components
in general [38]
ܘ௖௩,↑↑(ܚ଴) = ݌ା,↑↑ ଴݂(ܚ଴)܍ା∗ + ݌ି,↑↑ ା݂(ܚ଴)܍ି∗ + ݌௭,↑↑݂ି (ܚ଴)ܢ, (4)
ܘ௖௩,↓↑(ܚ଴) = ݌௭,↓↑ ଴݂(ܚ଴)ܢ+ ݌ା,↓↑ ା݂(ܚ଴)܍ା∗ + ݌ି,↓↑݂ି (ܚ଴)܍ି∗ .
Here ݌ఓ are parameters which decay exponentially with the increase of interlayer distance d. Note
that in a lattice-matched heterobilayer the interlayer distance ݀, determined by the van der Waals
interaction between the layers, depends sensitively on the interlayer translation ܚ଴ through ݀ =
݀଴ +∆݀ଵ| ଴݂(ܚ଴)|ଶ +∆݀ଶ| ା݂(ܚ଴)|ଶ , where the three constants ݀଴ , ∆݀ଵ  and ∆݀ଶ  have been
previously obtained [36]. The parameter ݌ఓ then also depend on ܚ଴ through ݌ఓ(݀) ≈ ݌ఓ(݀଴) +
ങ೛ഋ
ങ೏
ห
ௗୀௗబ
(∆݀ଵ| ଴݂(ܚ଴)|ଶ + ∆݀ଶ| ା݂(ܚ଴)|ଶ). The ܚ଴-dependences of the optical matrix elements then
have the forms
܍ା ∙ ܘ௖௩,↑↑ ≈ ൤݌ା,↑↑(݀଴) + డ௣శ,↑↑డௗ ቚௗୀௗబ (∆݀ଵ| ଴݂(ܚ଴)|ଶ + ∆݀ଶ| ା݂(ܚ଴)|ଶ)൨ ଴݂(ܚ଴),
܍ି ∙ ܘ௖௩,↑↑ ≈ ൤݌ି,↑↑(݀଴) + డ௣ష,↑↑డௗ ቚௗୀௗబ (∆݀ଵ| ଴݂(ܚ଴)|ଶ + ∆݀ଶ| ା݂(ܚ଴)|ଶ)൨ ା݂(ܚ଴),
ܢ ∙ ܘ௖௩,↑↑ ≈ ൤݌௭,↑↑(݀଴) + డ௣೥,↑↑డௗ ቚௗୀௗబ (∆݀ଵ| ଴݂(ܚ଴)|ଶ + ∆݀ଶ| ା݂(ܚ଴)|ଶ)൨ ݂ି (ܚ଴), (5)
܍ା ∙ ܘ௖௩,↓↑ ≈ ൤݌ା,↓↑(݀଴) + డ௣శ,↓↑డௗ ቚௗୀௗబ (∆݀ଵ| ଴݂(ܚ଴)|ଶ + ∆݀ଶ| ା݂(ܚ଴)|ଶ)൨ ା݂(ܚ଴),
܍ି ∙ ܘ௖௩,↓↑ ≈ ൤݌ି,↓↑(݀଴) + డ௣ష,↓↑డௗ ቚௗୀௗబ (∆݀ଵ| ଴݂(ܚ଴)|ଶ + ∆݀ଶ| ା݂(ܚ଴)|ଶ)൨ ݂ି (ܚ଴),
ܢ ∙ ܘ௖௩,↓↑ ≈ ൤݌௭,↓↑(݀଴) + డ௣೥,↓↑డௗ ቚௗୀௗబ (∆݀ଵ| ଴݂(ܚ଴)|ଶ + ∆݀ଶ| ା݂(ܚ଴)|ଶ)൨ ଴݂(ܚ଴).
We have performed first-principles calculations for the K-point interband momentum matrix
element of various lattice-matched heterobilayers (the calculation details is the same as in [36]).
The ߪ +  ( ߪ − ) circularly polarised components ห܍ା ∙ ܘ௖௩,↑↑ห/݌଴  and ห܍ା ∙ ܘ௖௩,↓↑ห/݌଴  ( ห܍ି ∙
ܘ௖௩,↑↑ห/݌଴ and ห܍ି ∙ ܘ௖௩,↓↑ห/݌଴) are shown as the red (blue) symbols in Fig. 2(c-d) at various
interlayer registry ܚ଴, while the out-of-plane polarised components หܢ ∙ ܘ௖௩,↑↑ห/݌଴ and หܢ ∙ ܘ௖௩,↓↑ห/
݌଴ are shown as the black symbols in Fig. 2(c-d). We can see that, using ݌ఓ(݀଴) and ങ೛ഋങ೏ หௗୀௗబ as
two fitting parameters our perturbative forms (Eq. (5)) fit well the first-principles results, see the
curves in Fig. 2(c-d). In lattice-matched heterobilayers, the observed interlayer exciton PL
polarisation is found to be consistent with the above results [32]. For homobilayers under a large
out-of-plane electric field which drives the band alignment into type-II, the interlayer exciton has
the same qualitative behavior as the heterobilayer in terms of the interlayer-translation
dependence of the optical matrix elements.
Fig. 2. (a) The three R-type ܥመଷ-symmetric bilayer registries ܴ௛௛, ܴ௛௑ and ܴ௛ெ. Both the side-
and top-view are shown. The dashed arrows show the monolayer unit lattice vectors. The
solid arrows correspond to the interlayer translation vector ܚ଴. (b) The three H-type ܥመଷ-
symmetric bilayer registries ܪ௛௑, ܪ௛௛ , and ܪ௛ெ . (c) The momentum matrix elements ܘ௖௩,↑↑
and ܘ௖௩,↓↑  for various R-type MoSe2/WSe2 heterobilayers. The red color corresponds to|܍ା ∙ ܘ௖௩| ݌଴⁄ , blue corresponds to |܍ି ∙ ܘ௖௩| ݌଴⁄ , while black corresponds to |ܢ ∙ ܘ௖௩| ݌଴⁄ .
݌଴ is the interband momentum matrix element in monolayer MoSe2. The symbols are
obtained from first-principles calculations, while the curves are our fits using Eq. (5). (d)
The momentum matrix elements for H-type MoSe2/WSe2 heterobilayers.
For a spin-singlet (spin-triplet) interlayer exciton, the corresponding transition dipole is
proportional to the spin-conserved (spin-flip) optical matrix elements ܘ௖௩,↑↑ (ܘ௖௩,↓↑). The optical
selection rules then depend both on the valley and interlayer atomic registry. For certain
heterobilayer configurations, the spin-singlet z-polarised transition dipole or spin-triplet in-plane
transition dipole, which are both forbidden in the monolayer, can be comparable to the maximum
transition dipole strength. Both the spin-singlet and spin-triplet can then contribute significantly
to the interlayer exciton PL. Moreover, in contrast to the monolayer PL that is predominantly in
the out-of-plane propagation direction (as z-polarised transition dipole is extremely weak there,
c.f. section II), significant PL in the in-plane propagation direction can also be expected in
heterobilayers.
In experiments, interlayer excitons are usually generated through laser-excitation of the
monolayer excitons followed by the interlayer charge transfer. It is shown that the interlayer
charge transfer process largely conserves the electron/hole spin [40], thus we expect that the spin-
singlet interlayer excitons are generated at the initial time, which then dominate the short-time
behavior of the PL emission under a low temperature. Note that the spin-singlet and spin-triplet
interlayer excitons have a small energy difference due to the conduction band spin splitting.
Whether the ground state exciton is in a spin-singlet or spin-triplet configuration depends on the
materials and stacking pattern. For example, in a near R-type MoSe2/WSe2 heterobilayer, the
ground state is a spin-singlet (Fig. 2(c)). While in a near H-type MoSe2/WSe2 the ground state is a
spin-triplet (Fig. 2(d)). In the latter case, the long-time behavior of PL can be determined by the
relaxation dynamics between the spin-singlet and spin-triplet interlayer excitons. The fact that
spin-triplet excitons have comparable brightness with the spin-singlet ones in general can
significantly affect the overall PL property.
IV. Heterobilayers with moiré pattern: kinematic momentum and crystal momentum
of interlayer excitons
In reality, most heterobilayers host the moiré patterns due to the inevitable lattice mismatch
and twist. Here we generalize the above finding in lattice-matched heterobilayers to the moiré
superlattice. We denote the electron (hole) layer lattice constant as ܽᇱ  (ܽ), and ߜߠ  the small
deviation of the twist angle to ܰߨ 3⁄ . The optically active heterobilayers are those with ߜ =|ܽ − ܽᇱ| ܽᇱ⁄ ≪ 1 and ߜߠ ≪ 1, whose optical properties are dominated by the interlayer excitons.
For such heterobilayers, ±۹ᇱ in the electron layer are displaced from ±۹ in the hole layer and
long-period moiré superlattice patterns form. Writing ܊ଵ,ଶᇱ  (܊ଵ,ଶ ) as the electron (hole) layer
primitive reciprocal lattice vectors, ܊ଵᇱ − ܊ଵ  and ܊ଶᇱ − ܊ଶ  with ห܊ଵ,ଶᇱ − ܊ଵ,ଶห ≪ ܾଵᇱ ,ܾଵ  are the
primitive reciprocal lattice vectors of the heterobilayer moiré (see Fig. 3(a)). The moiré period is
then ܣ = 4ߨ √3|܊ଵᇱ −܊ଵ|⁄ ≈ ܽ √ߜଶ + ߜߠଶ⁄ .
Consider an interlayer exciton formed by a near-band-edge electron at ߬ᇱ۹ᇱ + ܓᇱ  in the
Bloch form ߰ఛᇲ۹ᇲାܓᇲ,௖ᇲ(ܚ) = ݁௜൫ఛᇲ۹ᇲାܓᇲ൯∙ܚݑఛᇲ۹ᇲାܓᇲ,௖ᇲ(ܚ), and a near-band-edge hole at ߬۹ − ܓ in
the form ߰ఛ۹ିܓ,௩∗ (ܚ) = ݁ି௜(ఛ۹ିܓ)∙ܚݑఛ۹ିܓ,௩∗ (ܚ). Here ݑܓ,௖  and ݑܓᇲ,௩  are the periodic parts. The
electron-hole Coulomb interaction conserves the momentum sum ۿ ≡ ܓ + ܓᇱ  [38].  Thus  it  is
convenient to describe the interlayer exciton in the basis of Coulomb interaction (momentum)
eigenstates ܺఛᇲఛ,ۿ , characterized by the COM kinematic momentum ۿ  and the electron-hole
valley indices (߬ᇱ, ߬).
Using the COM coordinate ܀ ≡ ௠೐
ெబ
ܚ௘ + ௠೓ெబ ܚ௛  and the electron-hole relative coordinate
ܚ௘௛ ≡ ܚ௘ − ܚ௛, the kinematic momentum eigenstate of interlayer excitons can be written as:
ܺఛᇲఛ,ۿ(ܚ௘ ,ܚ௛) =෍Φ(∆ۿ)߰ఛᇲ۹ᇲା೘೐ಾబۿା∆ۿ,௖ᇲ(ܚ௘)߰ఛ۹ି೘೓ಾబۿା∆ۿ,௩∗ (ܚ௛)
∆ۿ
(6)= ݁௜൫ۿାఛᇲ۹ᇲିఛ۹൯∙܀ܷఛᇲఛ,ۿ(܀,ܚ௘௛).
Here ܯ଴ ≡ ݉௘ +݉௛  is the exciton mass, with ݉௘  (݉௛ ) the electron (hole) effective mass.
Φ(∆ۿ) describes the momentum space electron-hole relative motion. In the above second step,
we write
ܷఛᇲఛ,ۿ(܀, ܚ௘௛) ≡෍݁௜ቀ∆ۿା೘೓ಾబఛᇲ۹ᇲା೘೐ಾబఛ۹ቁ∙ܚ೐೓Φ(∆ۿ)
∆ۿ
(7)
× ݑఛᇲ۹ᇲା೘೐ಾబۿା∆ۿ,௖ᇲ ቀ܀+ ௠೓ெబܚ௘௛ቁݑఛ۹ି೘೓ಾబۿା∆ۿ,௩∗ ቀ܀− ௠೐ெబܚ௘௛ቁ.
Below we show that, ܷఛᇲఛ,ۿ(܀, ܚ௘௛) is a periodic function of ܀ with the periodicity of the
moiré pattern, such that the COM crystal momentum of the interlayer exciton in the moiré
superlattice can also be defined.
Using the electron (hole) layer reciprocal lattice vectors ۵ᇱ = ଵܰ܊ଵᇱ + ଶܰ܊ଶᇱ (۵ = ଵܰ܊ଵ +
ଶܰ܊ଶ), the Bloch periodic part can be expanded as ݑܓᇲ,௖ᇲ(ܚ) = ∑ ݁௜۵ᇲ∙ܚܥ௖ᇲ(ܓᇱ + ۵ᇱ)۵ᇲ  (ݑܓ,௩(ܚ) =
∑ ݁௜۵∙ܚܥ௩(ܓ+ ۵)۵ ). Their product is then
ݑܓᇲ,௖ᇲ ቀ܀+ ௠೓ெబܚ௘௛ቁݑܓ,௩∗ ቀ܀− ௠೐ெబܚ௘௛ቁ=෍݁௜൫۵ᇲି۵൯∙܀ା௜ቀ೘೓ಾబ۵ᇲା೘೐ಾబ۵ቁ∙ܚ೐೓ܥ௖ᇲ(ܓᇱ +۵ᇱ)ܥ௩∗(ܓ+ ۵)
۵ᇲ۵
.
We are interested in how the above form varies with ܀ in a scale much larger than the monolayer
lattice constant. In this case only those ݁௜൫۵ᇲି۵൯∙܀ with |۵ᇱ − ۵|≪ ܾଵᇱ ,ܾଵ are important while the
others with |۵ᇱ −۵|~ ଵܾᇱ ,ܾଵ or larger are averaged out. Also ܥ௖ᇲ(ܓᇱ + ۵ᇱ) (ܥ௩(ܓ+ ۵)) with ܩ ᇱ ≫
ܾଵ
ᇱ  (ܩ ≫ ܾଵ) correspond to fast oscillating terms in ݑܓᇲ,௖ᇲ (ݑܓ,௩) with periods much smaller than ܽᇱ
(ܽ), which are negligibly small and can be dropped. The remaining slowly oscillating terms have
۵ᇱ −۵ = ଵܰ(܊ଵᇱ − ܊ଵ) + ଶܰ(܊ଶᇱ −܊ଶ) which are just the reciprocal lattice vectors of the moiré.
Thus ܷఛᇲఛ,ۿ(܀+܀ୗ୐ , ܚ௘௛) = ܷఛᇲఛ,ۿ(܀, ܚ௘௛) is periodic in܀, where ܀ୗ୐ is a superlattice vector of
the moiré.
Concerning the COM motion, the momentum eigenstate ܺఛᇲఛ,ۿ  =
݁௜൫ۿାఛ
ᇲ۹ᇲିఛ۹൯∙܀ܷఛᇲఛ,ۿ(܀,ܚ௘௛)  is then in an analogous form to the Bloch function, with ܷఛᇲఛ,ۿ
being its periodic part (with moiré periodicity instead) and a plane-wave envelop ݁௜൫ۿାఛᇲ۹ᇲିఛ۹൯∙܀.
We can therefore have the notion of the crystal momentum of interlayer exciton in the moiré
superlattice, which isۿ + ߬ᇱ۹ᇱ − ߬۹, plus a reciprocal lattice vector ۵ᇱ −۵ of the moiré.
Fig. 3. (a) The orange (green) hexagon is the BZ of the electron (hole) layer, with ܊ଵ,ଶᇱ  (܊ଵ,ଶ) the
corresponding primitive reciprocal lattice vectors. The black hexagon is the moiré superlattice mini
BZ, with ܊ଵᇱ − ܊ଵ  and ܊ଶᇱ − ܊ଶ  the moiré primitive reciprocal lattice vectors. (b) The interlayer
exciton dispersions as functions of the kinematic momentum Q. Left and right correspond to
opposite valley indices. The light cone positions are indicated as the bright spots, where the three
brightest ones are the main light cones. (c) The interlayer exciton dispersions as functions of the
crystal momentum in the mini BZ of the moiré pattern, where ±۹௠ are the mini BZ corners. Only
the three lowest-energy bands are shown. Again the left and right correspond to opposite valley
indices. The gray curves are the doubly degenerate nodal lines for a given valley. The light cone,
located at Γ, is three-fold degenerate (six if including the valley degeneracy). (d) Schematic
illustration of the polarisation selection rules, for K-valley spin-singlet interlayer exciton
wavepackets centered at A, B and C, respectively. (e) The polarisation selection rules for the K-
valley spin-triplet interlayer exciton wavepackets. A, B and C have the atomic registies ܴ௛௛, ܴ௛௑ and
ܴ௛
ெ, respectively.
Unlike the monolayer excitons and interlayer excitons in lattice-matched heterobilayers
where the exciton COM crystal momentum and kinematic momentum coincide, the two
momentums are different for interlayer excitons in heterobilayer moiré patterns. The kinematic
momentum of ܺఛᇲఛ,ۿ  is ۿ  which gives its COM velocity ൻܺఛᇲఛ,ۿห̇܀หܺఛᇲఛ,ۿൿ = ℏಾబۿ  and kinetic
energy ℏమೂమ
మಾబ
 [38], while the momentum conservation in the light coupling concerns the crystal
momentum in the moiré  superlattice which is ۿ+ ߬ᇱ۹ᇱ − ߬۹ + ۵ᇱ − ۵. Momentum conservation
requires a bright interlayer exciton to have zero COM crystal momentum. Bright interlayer
excitons then have finite kinematic momentums ۿ = ߬ૂ − ߬ᇱૂᇱ  (߬ᇱૂᇱ ≡ ߬ᇱ۹ᇱ + ۵ᇱ  and ߬ૂ ≡
߬۹+ ۵) which are termed as the light cone positions in Ref. [38]. It has been shown in Ref. [38]
that, the most important light cones are those located at ۿ଴ = ߬۹ − ߬ᇱ۹ᇱ, ܥመଷۿ଴ and ܥመଷଶۿ଴, where
the valley indices (߬ᇱ, ߬) = (+, +) or (−,−) for a near R-type stacking and (߬ᇱ, ߬) = (−, +) or(+,−) for a near H-type stacking. The other light cones have orders of magnitude weaker
transition dipole strengths thus are usually ignored [38].
The interlayer exciton dispersion as a function of kinematic momentum ۿ shows a simple
paraboloid, on which the light cones form an ordered array connected by the reciprocal lattice
vectors of the moiré, see Fig. 3(b). Note that the ۿ = 0 state is optically dark, while all the light
cones have finite kinetic energies. In the crystal momentum picture, by folding the original
paraboloid dispersion to the mini BZ of the moiré superlattice, the interlayer exciton dispersion
forms a series of mini bands with the band width ~ ℏమ
మಾబ
൫ఴഏ
యಲ
൯
ଶ
 as shown in Fig. 3(c). The main light
cones are located at the Γ point of the lowest-energy mini band. For each given valley, there are
three doubly degenerate nodal lines which cross at Γ (see Fig. 3(c)). Γ then has a degeneracy of
three (six if including the valley degeneracy). These nodal lines are unstable, whose degeneracies
disappear when taking into account the moiré superlattice potential [36,37] originating from the
local-to-local variation of the bandgaps in the moiré [35]. Under a general moiré superlattice
potential there is no degenerate point for each given valley, and the mini bands can be very
different from those in Fig. 3(c) (see for example Ref. [36]). However for certain moiré potential
patterns the degeneracies at the high-symmetry points Γ and the mini BZ corners ±۹௠ can be
partly restored. As pointed out in Ref. [36], an out-of-plane electric field can tune the interlayer
exciton moiré potential to a honeycomb shape, where Γ is a four-fold degenerate Dirac node
while ±۹௠ are doubly degenerate Weyl nodes.
V. Local optical selection rules in the moiré: from momentum eigenstates to exciton
wavepackets
In a moiré potential, the description of interlayer excitons can also be facilitated using the
picture of wavepackets, whose COM spatial extension ݓ shall be small compared to the moiré
period A. Excitons in different supercells are coupled through COM motion induced hopping,
which leads to mini bands [36,37]. The hopping is determined by the competition between the
kinetic energy ℏమ
మಾబ
൫ఴഏ
యಲ
൯
ଶ
 and the potential barrier. For moiré patterns with small periods, where
ℏమ
మಾబ
൫ఴഏ
యಲ
൯
ଶ
 is comparable to the moiré potential modulation range and the hopping strength is
significant, it is convenient to start with the momentum eigenstates, the coupling of which by the
moiré superlatttice potential leads to the folding into mini bands as discussed in section IV (also
see Ref. [36]). For large enough periods, the hopping between neighboring supercells are small
and the low energy bands become nearly flat [36,37]. In this case it is more convenient to start
from interlayer exciton wavepackets moving in the slowly varying moiré potential, where the
reminiscent hopping between neighboring supercells also leads to mini band formations.
The moiré period A can be as large as several nm to several tens nm. At any local region
with a length scale small compared to A but much larger than the monolayer lattice constant a, the
corresponding atomic registry is nearly indistinguishable from a lattice-matched heterobilayer.
The electronic structure and the optical properties of such a local region can then be described by
those of the lattice-matched heterobilayer [35,41,42]. For a qualitative analysis, the optical
properties of the interlayer exciton wavepacket should be determined by the local atomic registry
within the wavepacket extension. At different places in the moiré supercell, the interlayer exciton
wavepacket will have its properties resembling excitons in lattice-matched heterobilayers of
different interlayer registries, which vary smoothly from local-to-local. To be specific, spin-
singlet (spin-triplet) wavepackets centered at A, B and C with ܴ௛௛, ܴ௛௑, ܴ௛ெ registries couple to
ߪ+, ߪ − and ݖ (ݖ, ߪ+ and ߪ −) polarised photons, respectively, see Fig. 3(d-e).
The above physical picture is corroborated by a quantitative evaluation of the optical
transition dipole of an interlayer exciton wavepacket in the moiré superlattices. A low-energy
wavepacket can be constructed with the basis of momentum eigenstates [36]
ఛࣲᇲఛ,܀೎(܀,ܚ௘௛) =෍݁ି௜(ۿିۿబ)∙܀೎ܹ(ۿ)ܺఛᇲఛ,ۿ(܀,ܚ௘௛)
ۿ
. (8)
Here ܀௖ is the wavpacket center position. ܹ(ۿ)  is the kinematic momentum distribution
function, which is centered at ۿ = 0 and  has  a  width ~ 2 ݓ⁄  inversely proportional to the real
space extensionݓ. As the transition dipole of ܺఛᇲఛ,ۿ is only finite at the three main light cones ۿ଴,
ܥመଷۿ଴ and ܥመଷଶۿ଴, the transition dipole of the wavepacket is the coherent superposition of those
from ܺఛᇲఛ,ۿబ , ܺఛᇲఛ,஼መయۿబ  and ܺఛᇲఛ,஼መయమۿబ  with their phase factors 1 , ݁ି௜(஼መయۿబିۿబ)∙܀೎  and
݁ି௜൫஼መయ
మۿబିۿబ൯∙܀೎  depending on the wavepacket center [36]. Using the previously obtained ܺఛᇲఛ,ۿ
transition dipole [38], we find the wavepacket transition dipole forms
∝ ܹ(ۿ଴)ൣ݌ା,↑↑ ଴݂൫ܚ଴(܀௖)൯܍ା∗ + ݌ି,↑↑ ା݂൫ܚ଴(܀௖)൯܍ି∗ + ݌௭,↑↑݂ି ൫ܚ଴(܀௖)൯ܢ൧, (9)
∝ ܹ(ۿ଴)ൣ݌௭,↓↑ ଴݂൫ܚ଴(܀௖)൯ܢ+ ݌ା,↓↑ ା݂൫ܚ଴(܀௖)൯܍ା∗ + ݌ି,↓↑݂ି ൫ܚ଴(܀௖)൯܍ି∗ ൧,
for the spin-singlet and spin-triplet interlayer excitons, respectively. They are nearly the same as
Eq. (4) for the lattice-matched heterobilayer, except that the constant interlayer translation vector
ܚ଴ is now replaced by a position-dependent local value ܚ଴(܀ୡ). Note that the wavepacket real
space extension ݓ is small compared to the moiré period A, thus the width 2 ݓ⁄  ofܹ(ۿ) is much
larger than ܳ଴ = ସగଷ஺. Soܹ(ۿ଴) ≈ ܹ(0) is not exponentially small, and such a wavepacket is
always bright.
Eq. (9) shows that the optical properties of the wavepacket is indeed determined by the local
atomic registry within the wavepacket extension. Both the strength of the optical transition dipole
and the valley optical selection rules are spatially modulated with the wavepacket center.
Remarkably, at the ܥመଷ symmetric localsܴ௛௛, ܴ௛௑, ܴ௛ெ, ܪ௛௑, ܪ௛௛, andܪ௛ெ (correspond to extrema of
the moiré superlattice potential [36]), the interlayer exciton wavepackets can emit ߪ +, ߪ − and
ݖ-polarised photons for a given valley configuration (Fig. 3(d-e)).
VI. Summary and discussion
We have investigated the light-coupling properties of both the spin-singlet and spin-triplet
interlayer excitons in TMD heterobilayers. For an incommensurate heterobilayer with a large
scale moiré pattern, we establish a one-to-one correspondence between the local interlayer atomic
registry and the optical transition dipole of the interlayer exciton wavepacket. This
correspondence is found to be isomorphic to the one between the interlayer registry in lattice-
matched heterobilayers and the optical transition dipole therein, suggesting the validity of using
local approximations to describe the optical and electronic properties in the long period Moiré
superlattices. The local-to-local variation of the atomic registry in the long period Moiré pattern
then leads to spatially modulated light-coupling of interlayer excitons.
These findings can change the interpretation and design of optical experiments in
heterobilayers, and leads to new geometries for optoelectronic devices based on interlayer
excitons. For example, in a near R-type MoSe2/WSe2 the interlayer exciton has its energy minima
of the moiré  potential at B locations with ܴ௛௑ registry [36]. Valley polarised spin-singlet and
spin-triplet interlayer excitons at these locations emit circularly polarised photons with opposite
polarisation as shown in Fig. 2(c). This could be the origin of the recently observed two interlayer
exciton PL peaks with opposite circular polarisation [43]. Meanwhile, the spin-singlet and spin-
triplet also have distinct location-dependence of the out-of-plane optical transition dipole (c.f. Fig.
2(c)). A nano-optical antenna-tip can be used to greatly (~6 × 10ହ) enhance the PL from the out-
of-plane transtion dipoles [25]. With a spatial resolution of the tip enhanced PL (≤ 15 nm)
comparable to the moiré  supercell size, the nano-optical antenna-tip should be able to distinguish
the distinct out-of-plane transtion dipole strengths of the spin-singlet and spin-triplet at given
locations in the moiré .
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Appendix: The first-principles calculations
The first-principles calculations are performed using the Vienna Ab-initio Simulation
Package [44] based on plane waves and the projector-augmented wave (PAW) method
[45]. The Perdew-Burke-Ernzerhof (PBE) [46] exchange-correlation functional is used
for all calculations and the van der Waals interactions are considered in the DFT-D3 [47]
method. The experimentally measured bulk lattice constants are respectively 3.288 Å for
MoSe2 [48] and 3.282 Å for WSe2 [49]. Their average of 3.285 Å is used for the lattice-
matched MoSe2/WSe2 heterobilayer. Keeping the in-plane positions fixed, the out-of-
plane positions are relaxed for all atoms until the energy difference of successive atom
configurations is less than 10−6 eV. The out-of-plane force on each atom in the relaxed
structure is less than 0.003 eV/Å. The cutoff energy of the plane-wave basis is set to 350
eV and the convergence criterion for total energy is 10−8 eV. A Γ-centered k mesh of15 × 15 × 1 is used for both the relaxation and normal calculations. The thickness of
vacuum layer is greater than 20 Å to avoid impacts from neighboring periodic images.
Spin-orbit coupling is taken into account for all calculations except in structure
relaxation.
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